ABSTRACT. For a glacier flowing over a bed of longitudinally varying slope, the influence of longitudinal stress graruents on the flow is analyzed by means of a longitudinal flow-coupling equation derived from the •vertically" (cross-sectionaUy) integrated longitudinal stress equilibrium equation, by an extension of an approach originally developed by Budd (196g), Linearization of the flow-coupling equation, by treating the flow velocity ii ("vertically" averaged), ice thickness h, and surface slope a in terms of small deviations t:lii, llh, and Aa from overall average (datum) values ii 0 , h 0 , and ~· results in a differential equation that can be solved by Green's function methods, giving t:lii(x) as a function of M(x) and Aa(x), x being the longitudinal coordinate. The result has the form of a longitudinal averaging integral of the influence of local h(x) and a(x) on the flow u(x):
ABSTRACT. For a glacier flowing over a bed of longitudinally varying slope, the influence of longitudinal stress graruents on the flow is analyzed by means of a longitudinal flow-coupling equation derived from the •vertically" (cross-sectionaUy) integrated longitudinal stress equilibrium equation, by an extension of an approach originally developed by Budd (196g) , Linearization of the flow-coupling equation, by treating the flow velocity ii ("vertically" averaged) , ice thickness h, and surface slope a in terms of small deviations t:lii, llh, and Aa from overall where the integration is over the length L of the glacier. The A operator specified deviations from the datum state, and the term on which it operates, which is a function of the integration variable x' , represents the influence of local h(x' ), a(x' ), and channel-shape factor f(x' ), at longitudinal coordinate x' , on the flow ii at coorrunate x, the influence being weighted by the "influence transfer function• exp(-lx' -xl/1) in the integral. The quantity I that appears as the scale length in the exponential weighting function is called the longitudinal coupling length. lt is deter~ned by rheological parameters via the relationship I = 2h n{Ti/3'fl, where n is the flowlaw exponent, ii the effective longitudinal viscosity, and n the effective shear viscosity of the ice profile. ii is an average of the local effective viscosity n over the ice crosssection, and (l'lr 1 is an average of n-1 that gives strongly increased weight to values near the base. Theoretically, the coupling length I is generally in the range one to three times the ice thickness for vaUey glaciers and four to ten times for ice sheets; for a glacier in surge, it is even longer, J -12h. It is distinctly longer for non-linear (n • 3) than for linear rheology, so that the flow-coupling effects of longitudinal stress gradients are markedly greater for non-linear flow .
The averaging integral indicates that the longitudinal variations in flow that occur under the influence of sinusoidal longitudinal variations in h or a, with wavelength >., are attenuated by the factor 1/(1 + (2nl/ >.) 2 ) relative to what they would be without longitudinal coupling. The short, intermediate, and long scales of glacier motion (Raymond, 19gO) , over which the longitudinal flow variations are strongly, partially, and little attenuated, are for >. s 21 , 21 s >. s 201 , and >. ;;:; 201. For practical glacier-flow calculations, the exponential weighting function can be approximated by a symmetrical triangular averaging window of length 41 , called the longitudinal averaging length. The trarutional rectangular window is a poor approximation. Because of the exponential weighting, the local surface slope has an appreciable though muted effect on the local flow, which is clearly seen in field examples, contrary to what would result from a rectangular averaging window.
Tested with field data for Variegated Glacier, Alaska, and Blue Glacier, Washington, the longitudinal averaging theory is able to account semi-quantitatively for the observed longitudinal variations in flow of these glaciers and for the representation of flow in terms of "effective surface slope• values. Exceptions occur where the flow is augmented by large contributions from basal sliding in the ice faU and terminal zone of Blue Glacier and in the reach of surge initiation in Variegated Glacier. The averaging length 4·1 that gives the best agreement between calculated and observed flow pattern is 2.5 km for Variegated Glacier and }.g km for Blue Glacier, corresponding to 1/ h "' 2 in both cases.
If I varies with x , but not too rapidly, the exponential weighting function remains a fairly good approximation to the exact Green's function of the differential equation for longitudinal flow coupling; in this approximation, I in the averaging integral is l(x) but is not a function of x' . Effects of longitudinal variation of J are probably important near the glacier terminus and head, and near ice falls.
The longiturunal averaging formulation can also be used to express the local basal shear stress in terms of tongitudinal variations in the local •stope stress• with the mediation of longitudinal stress gradients.
REsUME. Coup/age du gradient de contrainte dans /'ecoulement des glaciers: I . lnfluem;_ e 1!!,_QYenne lcnRiWditlllle des vanallons d'epaisseur et de pente de Ia surface.
L'influence des gradients de contraintes longiturunaux sur t'ecoulement d'un glacier, dont le lit presente une variation longiturunale de pente, est analysee au moyen d'une equation de couplage longitudinal de l'ecoulement. Cette derniere est deduite de la forme integree •verticalement" (en fait dans la section transversale} de !'equation decrivant t'equilibre des contraintes dans le sens longitudinal, suivant une extension de !'approche originale de Budd (196g) Cette influence est pooderee par Ia fonction de "transfert d'influeoce" exp(-lx' -xl / 1). In the flow of a glacier or ice sheet over a bed whose slope varies along the length of the ice mass, the longitudinal coupling exerted by longitudinal stress gradients has a considerable effect in modifying the flow at ea. ch point from what it would be if the local ice thickness and surface slope determined the local flow directly according to the basic flow theory that applies in the absence of longitudinal gradients (Nye, 1952 (Nye, , 1957 . Observationally, this effect has been seen in actual glaciers by comparing the local slope, measured over a longitudinal interval of about one ice thickness, with the "effective slope• that would be needed to account for the observed flow with the basic no-stress-gradient theory. For example, in Blue Glacier, Washington, Meier and others (1974, p. 209) found that the effective slope needed to account for the observed ice flow was nearly constant, varying over the range 5~. 5 °, along a 1400 m reach of the glacier in which the local slope varied over the range 4.5-9°. In Variegated Glacier, Alaska, Bindschadler and others (1977, p. l 88) found that the effective slope varied much less than the local slope and that a longitudinal averaging of local slope over an interval of 2-4 km was necessary to reduce the longitudinal fluctuations in average slope to a smoothness comparable to that of the effective slope.
Several theoretical treatments of glacier flow (Shumskiy, 1961; Robin, 1967; Budd , 1968 Budd , [a], 1971 Collins, 1968; Nye, 1969; Hutter, 1981; Hutter and others, 1981; Paterson, 1981, p. 98 and 164; Whillans and Johnson, 1983) have included the role of longitudinal stress gradients and have demonstrated their importance in terms of their effects on the basal shear stress over various scales of longitudinal averaging and on flow over sinusoidal bedrock topography. We felt, however, the need for a simple general formulation that would describe, at least in approximate terms, how a particular longitudinal profile of ice thickness and bed slope in an ice mass translates itself via the intervention of longitudinal stress gradients into the particular longitudinal pattern of flow that results. In the present paper we develop such a relation and apply it to field observations. This is done by extending the approach developed by Budd (1968) , and summarized by Raymond (1980, p. 103) and Paterson (I 981, p. I 00), in such a way as to obtain a longitudinal flow-coupling equation that yields a description of how the longitudinal coupling in effect performs a longitudinal averaging of the influence of local slope and thickness to give the local flow. The averaging calculation can, with choice of the averaging parameters, be carried out for actual field examples and the results compared with the observed flows.
The treatment is developed at two levels: in Part I (the present paper) at a level of considerable simplification and approximation to bring out clearly and in the simplest terms the role of longitudinal stress-gradient coupling in the flow of glaciers and ice sheets, and in Part ll ) at a higher level of rigor and complexity, for quantitative application to perturbations in glacier flow caused by perturbations in ice thickness and slope of the sort that may develop due to climatic change. The theory developed in Part I is applied to field data from two valley glaciers in Part I, a. nd to field data from ice sheets in Part V (in preparation).
LONGITUDINAL COUPLING OF FLOW BY LONGI-TUDINAL STRESS GRADIENTS
We consider the plane-strain flow of a wide glacier or ice sheet down a bed surface sloping in one direction. The Kamb and Echelmeyer: Stress-gradient local ice thickness h(x) and surface slope a(x) are functions of the longitudinal coordinate x measured in a coordinate system with the x-axis pointing down-stream parallel to the mean slope of the ice surface. The geometry in the flow plane is shown in Figure I . The slope is assumed small enough to equate sin a "" a. If there were no effects of longitudinal strain-rate and stress gradients, and if there were no basal sliding, the "vertically" averaged flow velocity u (x-component of velocity, u, averaged over the glacier thickness from y 8 to Ys at a given value of x; Figure I ) would be expected to depend on the basal shear stress T 8 and ice thickness h according to the well-known relation (for power-law rheology)
where T 8 would depend on the surface slope via (2) and where the constant c 1 depends on the flow-law parameters and n is the flow-law exponent (Nye, 1952) . If, on the other hand, the flow were by basal sliding, Equation {I) would be replaced by
where c 0 will be constant if the bed-roughness spectrum and extent of basal cavitation are independent of x and where the exponent m may be (n + I )/2 or n, or possibly something between (Weertman, 1964; Kamb, 1970, p. 702) .
To find how the flow will be modified by the coupling effect of longitudinal stress gradients, we introduce, following Budd (1970[b] , p. 23, equation (18)), the "vertically" integrated longitudinal stress-equilibrium equation (4) ' where f xx is the "vertically" averaged longitudinal stress deviator component. Except for OmiSSIOn of a term sometimes designated "T", involving an integral of 8 2 T xy/ax 2 , this equation is the same as or similar to what has been used by several authors (Robin, 1967, equation (2) ; Collins, 1968, equation (7); Nye, 1969; Budd, 1971, equation (5); Paterson, 1981 , equation (46), p. 100; Hutter, [c1983] , p. 258) in discussing the effects of longitudinal stress gradients. In Part III (Kamb, 1986) , we give some further development in the derivation of an exact longitudinal equilibrium equation, beyond the point reached by Budd (1970[b] ), and show how the equation reduces to Equation (4) for small angles a and 13, small longitudinal curvatures da/ dx and dl3/dx, and with neglect of the T term .
In Part IV , the theory in sections 2 and 3 is extended in such a way as to take into account the T term. It is shown that, although T has some definite effects on the flow, in a first approximation they do not substantially alter the results of the simple theory based on Equation (4) with omission of T.
The way in which longitudinal stress gradients couple the flow longitudinally is obtained from Equation (4) 
where the effective viscosity n(y) is determined by the velocity gradients via the flow law. We introduce a depthaveraged viscosity n(x) that is by definition related to the longitudinal flow gradient du/ dx by
Ya
If the strain-rate au;ax were independent of depth and dominated other strain-rate contributions to the second strain-rate invariant at all depths, then 11 and n would be the same and would be given by (7) according to the standard formulation of the flow law, where N is the viscosity parameter. In fact, because of the eQ"ect of shear stress T xy at depth, iJ is a function both of duf dx and of T 6 . The mtroduction of an "effective longitudinal viscosity" similar to n in Equations (6) or (7) has been proposed and discussed by several authors (Robin, 1967; Budd, 1968, p. 63; Collins, 1968; Paterson, 1981, p. 100 and 165; Hutter, [cl983] , p. 266). The n introduced by Budd and Jensen (1975, p. 267 ) is the same as n defined in Equation (6). Whi le Equation (7) is definitely only an approximation, Equation (6) can be considered exact, with recognition that the depth-averaged viscosity n is_ in fact a somewhat complicated function of T B and du / dx and other strain-rates in the ice column.
2. The local flow u is related to the local basal shear stress T B by Equation (I) in the case of pure internal deformation and by Equation (3) in the case of pure basal sliding, or in general by a combination of the two. We thus introduce Equations (I) or (3) into Equation (4). Admittedly, Equ~tions (I) and (3) are only approximations, the simplest relatwns between local stresses and local flow that can be written down within a framework in which the effects of longitudinal stress gradients on flow are represented as modifications that preserve the linear variation of T with Y on which Equations (I) and (2) taken as a function of duj dx and T 6 , which will cause u to depart from the strict dependence on T B n indicated in Equation (I) for constant c 1 . In spite of these potential complications in theory, there is empirical evidence that a relation of the type in Equation (I) is val id in the description of glacier flow (Raymond, 1978, p. 812) . We use Equations ( 1) and (3) here in the spirit of using the simplest reasonable relationships between flow and stress that exhibit the coupling effects of longitudinal stress gradients, so as to obtain a clear overview of how the longitudinal averaging of ice thickness and surface slope operates in determining the local flow . Introducing Equations ( 1), (5), and (6) into Equation (4) gives, after slight re-arrangement, -4 pgha..
Given the ice thickness h(x) and slope a(x) as functions of the longitudinal COOrdinate X, and given that iJ depends On du/ dx (as well as on T B and therefore on U}, Equation (8) can be considered the differential equation that determines u(x) through the coupling effect of longitudinal stress gradients contained in the first term on the left. We call it the non-linear longitudinal flow-coupling equation. An equation essentially equivalent to Equation (8) was obtained by Budd (1968, equation (39)) and Budd and Jensen (1975, equation ( 43)), but its implications for longitudinal flow coupling were not developed along the lines followed here. For the case of basal sliding, an equation like Equation (8) applies, in which the second term on the left is replaced by (u/cu) 1 fm.
LONGITUDINAL AVERAGING OF THE INFLUENCE OF ICE THICKNESS AND SURF ACE SLOPE ON FLOW
The effects of the longitudinal coupling in Equation (8) can most clearly be seen by obtaining the solution of a linearized form of this equation. Suppose that the glacier geometry and flow are a perturbation from a datum state in which Equation (l) applies exactly, namely, in which a and ~ a~e constant (a 0 and h 0 ), independent of x, so that u = u 0 lS also constant. We write the perturbations as lla = a -· llh _= h_-h 0 , and the resulting flow perturbation as v = (u -u 0 )/ u 0 . When these are introduced into the second term of Equation (8), it becomes, to lowest order in the perturbat ions,
Introducing into the first term of Equation (8) the ation relation for u but not for h or n, and using that the unperturbed variables satisfy Equations (I) we obtain
pertu rbthe fact and (2),
where ll(ah) = ah -a 0 h 0 . Note that h and n in the first ~rm of Equation (lOa) are the perturbed values, not h 0 and 11 0 • An unusual and key feature of the perturbation treatment here is that we do not introduce the datum-state viscosity no, which would be infinite for the datum state and flow law used. For infinitesimal perturbations, h in the first term of Equation (lOa) could be replaced by h , but it is not necessary to do so, and it is physically mor~ appropriate to retain the h, since it represents the well-defined role of ice thickness in the transmission of longitudinal forces along the length of the glacier. Consistent with infinitesimal character of the perturbations, the terms on the right i( EQuation ( 
then Equation (lOb) can be rewritten in the form
where (13) (14}
is the logarithmic velocity perturbation that would result from a perturbation M in ice thickness and Aa in surface slope if the response were purely local according to Equations (I) and (2}, without the effects of longitudinal coupling that are contained in the derivative terms in Equation (13). We call Equation (13} the linearized longitudinal flow-coupling equation. For the case of pure basal sliding, on the basis of Equation (3), n in Equations (I I} and (14) is replaced by m, and the quantity +1 in the exponent in Equation (14} is omitted. The quantity I in Equation (II}, which has the dimensions of length, will be called the longitudinal coupling length. It provides the fundamental length scale in the longitudinal averaging of the effects of M and t.a on the local flow.
The role of the coupling length I is brought out most clearly by finding the solution of Equation (13) in the simple case where R is constant, independent of x, and where the term with coefficient o can be neglected. The solution, obtained in the Appendix, is
--Equation ( 15) shows that the slope and thickness perturbations at each point influence the flow over a range of distances up-and down-glacier from the point, the influence dropping off exponentially with distance. The exponential decay has scale length I.
The longitudinal variations of both ice thickness and surface slope enter into the longitudinal averaging by which the local flow is determined, acco rding to Equation ( 15). While this is mechanically reasonable, as was pointed out by Meier and others (1974, p. 21 0) , it seems to be common practice to consider longitudinal averaging of surface slope only (Budd, 1958, p. 68; Bindschadler and others, 1977, p. 18) .
The exponential weighting of the influence of ice thickness and surface slope on the flow, as indicated in Equation ( 15), is illustrated in Figure 2 . It is intuitively more satisfying than the "box-car" weighting that has apparently been used up to now in taking running means of a(x) (Budd, 1968, fig. 3; Bindschadler and others, 1977, fig. 6 ). ("Box-car" or rectangular weighting is uniform weighting over an averaging window of chosen length, with the weight dropping abruptly to zero outside the window; see Figure 2 .)
The exponential weighting has as a consequence that the local slope (on a longitudinal scale comparable to the ice thickness) will have an effect on the local flow that is appreciable, though muted by the longitudinal averaging. This effect is often seen qualitatively in glacier flow by the opening of transverse crevasses in reaches where there is a local down-stream increase in surface slope, and in the disappearance of such crevasses where the slope decreases down-stream.
A quantitative (as well as qualitative) fig. 8 ), where there is a small local peak in flow velocity just where the surface slope has a local peak and where a set of transverse crevasses appears; these localized effects occur even though the peak in slope is limited to a longitudinal interval of only about 300 m, little more than the ice thickness. If the weighting of the influence of surface slope on flow were uniform over an averaging window of length several times the ice thickness, as in the box-car averaging that has been used up to now, the effects of a short reach of steep slope would be spread out uniformly over the full length of the averaging window and there would be no localized flow peak and crevassing concentrated in the short steep reach as is actually observed.
For an input perturbation that is sinusoidal in x, i.e.
2n F(x)
the averaging integral in Equation ( 15) gives a flow response
r:~r ).
I + which is attenuated by the factor 1/ (1 + (27!1 / ).)
2 ) over what it would be if longitudinal averaging did not operate. The attenuation factor is 1/ 2 for ). = 2nl and drops to 0.09 for ). = 21 . Thus the flow response to topographic waves of wavelength s 21 is strongly attentuated. An essentially full response, attentuated less than 10% by effects of longitudinal coupling, will be seen only for waves with ). ;;:; 201. In the intermediate range, 21 s ). s 201, there is partial attenuation, which means that the longitudinal fluctuations in the "slope stress" pgha are partially supported by longitudinal stress gradients and partially by basal shearstress fluctuations. The foregoing three wavelength ranges are what emerge from the longitudinal flow-coupling theory as the short, long, and intermediate length scales of glacier motion as defined by Raymond (1980, p. 106) . The simple result of Equation (17) from longitudinal coupling theory for flow with sinusoidal longitudinal variations can be compared with related calculations by other methods, specifically those by , 1971), Hutter ([ci983J, p. 237, fig. 4.17a}, Langdon and Raymond (1978) , and Whillans and Johnson ( 1983) . A general comparison of this kind is beyond the scope of the present paper, but a comparison with results of Langdon and Raymond (1978) will be given in Part V (in preparation).
With a rectangular weighting function (as in Fig. 2) in place of the exponential in Equation ( 15), the result of averaging Equation (16) The integration in Equation ( 15) is shown as extending from x' • -to +"', as formaJly given by the solution in the Appendix, but in practice, obviously, the integration can extend only over the actual length of the glacier. As long as the point x is farther than a distance 2t from the ends of the glacier, the effect of the finite length on the integral is negligible because of the exponential weighting function in Equation (15). Although Equation ( 15) is the exact solution of Equation (13) only for 1 constant and o = 0, in the Appendix it is shown that the longitudinal averaging integral in Equation (15) remains a good approximation to the solution of Equation (13) when there is a longitudinal gradient in I, so that o .,_ 0, and also when there is longitudinal varsat10n in o. Under these conditions, I in Equation (15) is the "local" value l(x), dependent on x but not dependent on x' in the averaging integral. This robustness of the form of the solution in Equation (IS) against longitudinal variations of I may help to explain why Equation ( 15) with constant I is able to account fairly well for observed glacier flow (see sections 7 and 8), even though I probably varies in general with x in actual glaciers, as discussed in section 5.
EFFECT OF FLOW IN CHANNEL OF FINITE WIDTH
By an elaboration of the procedure used in deriving Equation (13) , it can be shown that for a glacier flowing in a finite-width channel whose shape is constant but whose ice-filling depth h varies with position x , the longitudinal flow-coupling equation is modified by the appearance of the channel-shape factor f that enters the well-known modified form of Equation (2) T 8 = pghfa.
The modification of Equation {13) consists in the following modified forms of Equations (I I) and (14):
The parameter o in Equation ( 12) is affected by the appearance of a factor w:
w is h/ h, wh~re h is the maximum ice thickness in a crosssection and h is the thickness laterally averaged across the cross-section. Because of the f in Equation ( 19), the size of 1 is affected by channel shape (see section 5). For a parabolic channel, w = 3/ 2, hence the finite channel width h~ an appreciable effect on the parameter o. For large o th1s will introduce appreciable asymmetry into the longitudinal average, as explained in the Appendix to Part II.
Longitudinal variations in ice cross-section other than those that can be approximated as due to variation of ice-filling depth in a channel of fixed cross-sectional shape result in further modifications of Equation ( 13), which are beyond the scope of the present paper. 
LONGITUDINAL COUPLING LENGTH
The longitudinal coupling length 1, from Equation ( 19), is typically on the order of one-half to a few kilometers. The c hief uncertainty in its evaluation is the value of the vertically averaged effective viscosity ii, wh ich depends, as noted earlier, on T B and du/ dx.
The simplest evaluation of 'l is for a shear stress T xy that increases linearly from 0 at the surface to T B at the bed, and a longitudinal strain-rate 8uj 8x that is constant with depth. This is the model of Nye (1957) . The viscosity n(y) is given, for n = 3, as the solution of
where N is the viscosity parameter in Equation (7). Equation (22) can be obtained from Nye ( 1957, equation (26)). For a wide channel, ii is a uniformly weighted average of ll{y) over y 8 ( y ' y 5 , as in Equation (6). Values of 'l are shown in Figure 3 , for N = 1.0 bar a 1 1 3 , n 2 3, and for a typical range of longitudinal strain-rates. Values are also shown for a semi-circular channel. In this case, the viscosity distribution in Equation (22) applies approximately if auj ax is constant over the cross-section, and to calculate the cross-section-averaged 'l the n(y) values are weighted not by a constant as in Equation (6) where Ys -y is the radial distance from the center of the semi-circle. The approximation in using Equation (22) (23)
The approximation is good to ±1% for ldu/ dxl < 0.1 a· 1 when N • I bar a 1 1 3 and T 8 = I to 1.5 bar, as can be checked from the values in Figure 3 . For a semi-circular channel, the corresponding approximation is
It is good to ±5% for ldu/dxl s 0.1 a· 1 , when N • I bar a 1 1 3 and T 8 is in the range 1.0 to 1.5 bar, as can aga.!_n be checked from Figure 3 . Equations (23) and (24) for 1' 1 are in general much more appropriate in normal glacier-flow situations than is Equation (7), because the longitudinal strain-rate rarely dominates the internal shear flow to the extent required for validity of Equation (7). Figure 4 gives values of I , from Equation (19), based Kamb and Echelmeyer: Stress-gradient 
If the flow relation in Equation ( 1) is introduced into Equation (19), we find that for a given T 8 the ratio 1/ h will be independent of h: (25) Within the range of the parameters considered in Figure 4 , 1/ h ranges from about 1.5 to over 10. (In obtaining Equation (25) from Equations (I) and ( 19), the distinction between h 0 and h is dropped, t hese q uantities being approximately the same for a small perturbation.)
Evaluated for the standard flow law that underlies
Equations (1), (7), and (22), the coefficient c 1 in Equation (25) is (26) where the factor q is n + 2 for a very wide channel and n + 3 for a semi-circular channel. If ii in Equation (25) is taken from Equation (23) for a wide channel, n being 3, then, with Equation (26),
where (28) The angular brackets represent an appropriate longitudinal average, as explained below. If, similarly, for a semicircular channel (J -1/ 2), ii is taken from Equation (24),
Values of 1/ h from Equations (27) and (29), over a range of longitudinal strain-rates, are shown in Figure 5 for The parameter T that controls 1/ h in Equations (27) and (29) is, from Equation (28), the ratio of basal shear stress to a measure of the average longitudinal deviatoric stress. In order to control correctly the effect of longitudinal stress gradient on flow, 1/ h as obtained from Equations ( 19) and/ or (25)-{29) should be based on an ii value that is appropriately averaged longitudinally, a. nd therefore on a correspondingly averaged value (duf dx>, which is represented by the angular brackets in Equation (28) The values of 1/ h and their var1at1ons with channel shape and longitudinal strain-rate are generally similar in Figures 4 and 5 , but the dependence on basal shear stress is markedly different. The difference reflects the fact that the curves in Figure 5 are for given ice-viscosity parameters, whereas the curves in Figure 4 are for a given glacier-flow velocity (50 m a· 1 ) and thickness (250 m). As explained below, the latter curves are more nearly appropriate if a substantial part of the flow velocity u 0 is contributed by basal sliding. • to 10-s a· 1 , the expected 1/ h is in the range from about 4 to 10, distinctly higher than for valley glaciers.
The foregoing results provide a basis for considering
log(j~j)/a-1 indication of the variations in 1 that can be expected as a result of variations in longitudinal strain-rate along the length of a glacier. Under a given strain-rate variation, the expected percentage variation in l for a valley glacier is only about half as great as for a wide ice sheet. Substantial variations in J on this account are particularly to be expected in and adjacent to ice falls, where high longitudinal strain-rates occur locally.
Fig. 5. Dependence of l / h on <l duj dxl > as g1ven by EquaJion (27) for a wide channel ( /=I, upper curves) 011d by Equation ( 29) for a semi-circular channel ( f = 11 2. lower curves). For each basal shear-stress value. a pair of curves is given
Longitudinal variations in h probably result in little variation in J except near the terminus and head of the glacier, where h goes to z.ero, and, again, in ice falls , where h is small. According to Equations ( 11 ) or ( 19), I would go to zero or become small in these places. This effect stems physically from the well-defined role of the ice thickness in transmitting longitudinal forces along the length of the glacier, expressed in the first term of Equation (4). In the approximation represented by the perturbation treatment here, J varies as Iii, from Equations (11) or ( 19).
However, this approximation is no t good in the places where h becomes small, because there the perturbation from a datum state appropriate to the glacier as a whole is not small. Nevertheless, to the extent that the perturbation 274 treatment remains valid in a rough way, an effect of the kind stated in which J goes to zero as h does, is intuitively r~asonable and can be expected. There is perhaps room for the intuitive conjecture that in these places the effective J might go to zero more nearly as h than as ./h.
If so it would he behaving more as indicated in Equations (25), '(27}, (29) , and (32), rather than as in Equations (II) or ( 19) by the strict requirements of the perturbation treatment.
The Last two paragraphs indicate that the assumption that 1 does not vary longitudinally, which underlies the strict derivation of the longitudinal averaging integral in Equation (A-15} in the Appendix, is only an approximati?n. The effects of longitudinal variations in J on Equahon (A-15) are considered in the Appendix and in section 9, and further in the Appendix to Part U.
In the case of flow by internal deformation of isotropic ice, the velocity ii 0 in Equation ( 19) arises by flow under the same viscosity field n(y) that determines Ti, from Equation (22) or the approximate Equations (23) or (24). This is, of course, the basis for Equation (26) and the consequent relations for l / h in Equations (27) Equations (22), (30), and (31) constitute a restatement of the flow Equation (I), incorporating Equation (1} as a special case when c 1 is strictly constant, and also allowing for the more general flow equation that can arise within the framework in which Txy is a linear function of y and auj ax is independent of .v; these features characterize the theory of glacier flow without longitudinal stress gradients (Nye, 1957) and will also apply rigorously to flow with a longitudinal stress gradient when that gradient is independent of y.
The factor 3 in Equation (30) is introduced so that when n is a constant, 71 = n. Equations (30) and (31) allow us to recast J from Equation (19) in the simple and fundamental form
where 71 is given by Equation (30) and where, if the longitudinal strain-rate au; ax is independent of depth, Ti is the simple average of n(y) over the thickness h as in Equation (6) or over the channel .flo~s-section as discussed above for a semi-circular channel.
n may be called the "effective longitudinal viscosity• and 71 the "effective shear viscosity" for the flow.
* The relation auf ay = T xyf n(_v) is integrated with respect to .1' to get u(y) and then integrated a second time to get the "vertical" average u. The second form of Equation (30) is obtained by an integration by parts. Note that the distinction between the effective longitudinal and shear viscosities, from Equations (6) and (30), is not based on any assumptions about viscous anisotropy, although such anisotropy probably contributes to lowering 11 because of the strong ice-crystal fabric of basal ice. A shear-viscosity quantity essentiaUy equivalent to 11 was introduced by Budd (1968 , equation (37)), who considered that the shear flow governed by 'II could be strongly non-linear (n -3), while the longitudinal flow governed by Ti was approximately linear (Budd, 1968, p. 67) . Because ii in Equations (23) and (24) is dependent on duj d x , however, the contemplated linearity is questionable.
In the case of flow by basal sliding only, n is replaced by m in Equation (I 9), according to Equation (3). On this account, the coupling length might be shortened slightly (20% or so). On the other hand, sliding increases u 0 over what it would be for internal deformation only, and this augments I, according to Equation ( 19). This augmentation helps to explain why l / h for actual temperate valley glaciers (sections 7~) is somewhat larger than the values shown in Figure 5 for the relevant duj dx range of about 0.01 to 0.05 a-
1 . An extreme instance of this augmentation is in a surging glacier. For the lower part of Variegated Glacier under surge in June 1983, when the flow velocity was u 0 "' 50 m d-1 • with h "' 330 m, r 8 "' I 5 bar, and ii -0.65 bar a (estimated from Equation (24) with duj dx -2 a-1 ) , the value of I indicated by Equation (19) is -4 km, or 1/ h -12. This long coupling length, which is about one-quarter the length of the glacier, helps to explain why time variations in velocity were similar at widely spaced points up-and down-stream (Kamb and others, 1985, fig. 5) . A surging or rapidly sliding glacier has an abnormally low value of the effective shear viscosity n, which in this case is not given by Equation (30) but instead by Equation (31) with u being determined by the mechanics of basal sliding.
DEPENDENCE OF COUPLING LENGTH ON FLOW-LAW EXPONENT
The ratio ii/ 11 in Equation (32) increases with n, because the weighted average of n(y ) in Equation (30) gives enhanced weight to the low values of 11 that occur near the bed when the flow law is non-linear. For this reaso n, as well as the facto r n in Equation (32), the longitudinal coupling length for non-linear flow is longer than for linear flow. This was in effect pointed out, though no t in terms of the coupling length I explicitly, by Raymo nd ( 1980, p. 108) in interpreting the results of calculations of the effects of longitudinal stress gradients on flow in an idealized ice sheet. For n = I , and consequently ii = 11, Equation (32) (with f = I) indicates that the ratio t j h has the fixed value 1.15. For n = 3, Figure 5 indicates that at typical longitudinal strain-rates in ice sheets, 1/ h -7. This la rge value of 1/ h is confirmed by a more detailed theo retical treatment and by evaluation of fie ld data for ice sheets in Part V.
EFFECTIVE SLOPE FROM LONGITUDINAL AVERAG-
The applicability of the theory in sections 3-5 can be tested by comparing . the effective surface-slope values ~b• that have been obtamed from the observed flow in some glaciers with values calculated from Equation ( 15). For this purpose Equation (15) is recast as follows. The theoretical effective slope o!' is the value of a that, when used in Equations (I) or (3) in conjunction with the local thickness h, reproduces the local velocity required theoretically by Equation (15) . Thus, in the case of Equation (1), for a small perturbation where ~ is given by Equation ( 15) and where we take a 0 to be the local value of a . If we also take h 0 to be the local value of h, and take coupling in glacier flow consistent with small perturbations, then we can convert Equation (15) to the form where h 0 "' h(x) and f 0 = /(x) in accordance with the datum-state specification above. In the case of basal sliding only, from Equation (3), the l f n in the exponents in Equation (33) is to be dropped.
In carrying out numerically the longitudinal averaging in Equation (33) we can replace the exponential weighting function to a good approximation by a triangular function of length 41, shown in Figure 2 . We will call the length 4J of the triangular averaging window the longitudinal averaging length, as distinct from the "longitudinal coupling length" t defined in section 3.
In Figure 6 are given the results of applying Equation (33) Meier and others ( 1974, p. 106-09) to data from Blue Glacier, Washington (Meier and others, 1974, fig. 8 ). The dashed curve is Cl(x), and the heavy curve is ct*(x) obtained from Equation (33) with the I / 11 in the exponents omitted and with longitudinal variation of I ignored . Omitting the 1/ n is equivalent to assuming that the flow is mainly by basal sliding, but it is done here not for this reason but just for simplicity in calculation and because for n = 3 it makes little difference anyway. The averaging length used is 4t = 1.4 km, which is about 6-7 times the ice thickness.
obtained from the measured velocities and ice depths by Equation ( 44) . The open circles and the daJa for a( x) and h( x) are from
The open circles in Figure 6 are <b• values calculated from flux continuity by Meier and others (1974, 
The effective slope <ba defined by Equation (34) in conjunction with Equation (I) is the same quantity as the "basal friction coefficient" introduced by Budd (1968, equation (II) ). The representation of the flow in terms of the effective slope in effect subsumes under a• the effects of longitudinal variations in ice thickness and cross-sectional shape factor as well as in surface slope. To obtain from Equation (34) the <b. values plotted in Figure 6 , the constant c 1 is evaluated at x = 0 by taking a~b• = a there; n is taken to be 3.
The calculated a*(x) curve in Figure 6 follows the solid circles rather well, except near the terminus, where difficulty would be expected anyway (see section 9). The open circles follow a pattern similar to the a*(x) curve but drifting away from it down-glacier. This drift reflects increasing contributions from basal sliding, which are implied by the flux-continuity calculation (Meier and others, 1974, p. 206-10) . The peak in flow velocity mentioned in section 3, at x = 0.7 km, is matched by a peak in a* there, both as obtained from Equation (33) and as calculated from the observed flow velocity by Equation (34).
ln Figure 7 is the result of similarly applying Equation (33) to data from Variegated Glacier, Alaska (Bindschadler and others, 1977) . The averaging length used is 42 = 2.0 km. The <b. points in Figure 8 are obtained from the fv sin ay values of Bindschadler and others ( 1977, fig. 6 ) by dividing by the shape factor /. which is obtained from a smooth curve drawn through the squares and triangles given in these authors' figure 7. The longitudinal averaging by Equation (33), with variation of f again ignored, gives an a*(x) curve that accounts for the details (local peaks and troughs) in the pattern of observed <b. points better than do the rectangular averages calculated by Bindschadler and others ( 1977, fig. 6 ). In particular, the peak in the a*(x) curve at x = 10.7 km falls where there is a marked local maximum in flow velocity and an 0.5 km reach of prominent transverse crevassing. The rectangular averages of Figure 8 give only a weak indication of the flow-velocity peak at x = 10.5 km, whereas this is one of the most prominent and distinctive features of the observed flow curve (Fig. 9b) . This shortcoming is rooted in the fact that the <b• values are much more sensitive to the local thickness h than they are to the local flow velocity u, as Equation (34) indicates. Variations in h , real or imagined (from observational error), that are not closely linked to variations in ii in the way that Equations (I) and (2) require will show up much more strongly in the <b. (x) values than the variations in u(x) that we are actually interested in.
COMPARISON OF OBSERVED FLOW WITH FLOW PREDICTED BY LONGTTUDlNAL COUPLING THEORY FOR VARIEGATED GLACIER, ALASKA
In examining the effects of longitudinal averaging on flow, it is therefore more informative to look at the flow velocity directly rather than its representation in terms of an effective slope a*(x) from Equations (33) or (34). We here compare the observed surface-velocity curve uobs(x) for Variegated Glacier with theoretical curves u(x) calculated from Equation ( 15) with use of observational data for a(x) and h(x).
The calculated curves are obtained in the following way. The logarithmic slope and thickness values are averaged to give a quantity A as follows:
For the Variegated Glacier data we use as the weighting function IV 1 (.-.:) in Equation (35a) the triangular function in Figure 2 . The integral in Equation (35a) is carried out as a discrete sum over data points at a spacing of Ax' = 0.25 km. By comparing Equation (15} with Equation (35a), in which the A operator does not appear, and noting that
n+t, calculated with a practical limit of ±2J on the range of integration . Therefore, for small perturbations, for which ln(u(x) 
where x 0 is an arbitrary reference point along the length of the glacier. Hence we calculate u(x) from (35b) u(x) is thus matched to the observed velocity at the reference point x = x 0 , which in effect evaluates c 1 in Equation ( I) there. Since Equation ( 15) as it stands gives ii rather than the surface velocity u 5 , we assume, consistent with the basis for Equations (I) and (2), that u 5 ; ii _!s a fixed ratio (n + 2)/ (n + I) and thus simply scale up u from Equation ( 15) to calculate the surface velocity by Equation (35b). The exponential form of Equation (35b) 
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flow non-linearity from the linearizing approximation made in Equatio n (9). In what follows, we use n = 3 throughout. The results of the above procedure applied to data for Variegated Glacier (Fig. 8) are given in Figure 9 . The data set a(x) is derived from the profile of surface elevations along the glacier center line at 0.25 km intervals measured in September 1978 by Raymond and others (unpublished) . The data set h(x) is obtained from the ice thickness as measured in 1973-74 by Bindschadler and others (1977, fig.  2 ), adjusted by the change in surface elevation between 1973 and 1978 measured by Raymond and others (unpublished) , and modified in the x intervals 0-9 km and 16-20 km as shown by the difference between the solid curve and dotted curve in Figure 9 . The modifications are based on our knowledge of ice thickness at x = 3.0, 6.5, 8.8, 9.5, and 11.8 km from bore holes drilled to the bottom in 1978-80 and 1982, and on radio echo-sounding at x = 3.2 and 3.5 km in 1981 and over 16-18 km in 1983. For x < 3.0 km, we make a reasonable extrapolation of h (x) toward the head of the glacier at x = 0 km. The data set u 0 b 1 (x) (Fig. 9b) consists of the annual velocities measured from July 1977 to July 1978 by Raymond and others (unpublished) . The match point is taken at x 0 = 9.5 km. The curve of values for the shape factor f (Fig. 8) is obtained from Bindschadler and others (1977, fig. 6 ) as explained in section 7 above, and extrapolated up-glacier from km 6. Figure 9a shows the flow uL(x) that would occur if longitudinal averaging did not operate and if the flow were governed by the local a and h via Equations ( I) and (2). The curves labeled 2, 2.5, and 4 in Figure 9b show the calculated u(x) that results from longitudinal averaging, via Equation (35) with averaging length 41 = 2.0, 2.5, and 4.0 km, respectively. The effect of longitudinal averaging in suppressing the wild oscillations in the uL(x) curve of Figure 9a is dramatic, and confirms the large attenuation expected for the flow response to short-wavelength variations in a( x) as discussed in section 3. The best choice of the averaging length 4J is about 2.5 km, based on the observationally required smoothness of u(x) and on the way the velocity peak centered at x = 10.5 km is accounted for in Figure 9b .
The calculated u(x) curves account fairly well for the observed u 0 b 1 (x) (Fig. 9b ) from about Km 14 up-glacier to about Km 5. The detail in the u 0 b 0 (x) curve between Km 5.5 and 6.5 is probably the result of the entrance of a main tributary over this interval (see Bindschadler and others, I 977, p. 187) . Since this causes violations of the simple assumptions on which Equation ( 15) is based, it is not surprising that the theoretical u(x) curve does not reproduce the detail in the u 0 b 1 (x) curve there.
But up-stream from Km 5.5 a major discrepancy between u(x) and u 0 b 1 (x) develops. There is no way t~ account theoretically for the high peak at Km 4.5 with any choice of the averaging length 41 . It appears to us that over the interval Km 5.5 to 3.0, and perhaps up to about 2.0 , a major component of flow velocity, amounting to -10-20 em d -1, is added over and above what would be expected on the basis of the flow characteristics of the glacier below Km 7. This added component is probably an extra contribution from basal sliding. It is ver y significant, we think, that this large extra contribution occurred in just the reac h where in 1982 the surge of the glacier began (Kamb and othe rs, 1985) , and where in previous years the flow events called "mini-surges" developed (Kamb and Engelhardt, in press ).
The calculated u(x) curves in Figure 9b include the effect of longitudinally varying shape factor f. There is a large effect only below Km 16, where f increases markedl y down-stream (Fig. 8) To compare the results of our approach with the type of longitudinal averaging that has been considered previously, in Figure 9c we show velocity curves calculated on the basis of longitudinal averaging of surface slope only, using a rectangular ("box-car") averaging window. The calculation is done in a manner analogous to Equations (35a) and (35b) as follows. The slope is averaged logarithmically to give
with II'~ (x' -x) being the rectangular weighting function shown in Figure 2 , and the velocity is calculated from (36b)
The factor involving h(x) in Equation (36b) arises because of the dependence of u on local h required by Equation (I) when only longitudinal averaging of a is considered. The velocity curves labelled 2.5 and 4 in Figure 9c are calculated in this way for averaging lengths of 2.5 and 4.0 km. These curves give a much poorer representation of u
than do the curves calculated by our method (Fig. 9b) . ' -x) used in calculating these curves by Equation (35) is the exponential shown in Figure 2 , truncated at the limits x' -x = ±2J. From Figure 9b it is clear than an averaging length of 1.2 km is in general too short, and 2.4 km is too long. The peak in u 0 b 1 (x) around x = -Q.3 km can be fitted reasonably weU by 4J = 1.8 km. To reproduce the peak near x • 0.7 km requires a shorter 4J, about 1.5 km, as would be expected from Equation (25) because the ice is thinner there (see Fig. 10 ). To calculate in a rough, simple way the effect of a possible decrease in J toward the terminus, we suppose that 4J decreases from 1.8 km at x = 0.2 km to 0.6 km at x = 1.7 km, and represent it over this interval by its average, 1.2 km. In addition, we bring into consideration the asymmetry in the longitudinal averaging that enters when there is a longitudinal gradient in J, as noted in section 4. Following Part II, section 3. this is done by using two separate averaging lengths in Equation ( 
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x' = x -2J_ to x ' = x + 2J., with total length
Similarly, where the ice thins up-stream+ toward the ice fall, asymmetric averaging is again used, with 2J_ = 0.7 km, 2J+ = 1.1 km. This modification in the longitudinal averaging calculation, the result of which is shown in Figure 1 Jc, gives a velocity peak at x = 0.7 km in rough agreement with the observed peak. Beyond about x = 0.9 km, the calculated curve u(x) drops greatly below the observed velocity. This is due to the influence of the terminal region of the glacier; in the calculation, the rapid thinning of the ice down-stream from x = 1.1 km dominates over the increase in a(x) there, resulting in a calculated velocity that decreases rapidly down-stream. The disc repancy here probably reflects increasing contributions from basal sliding as the terminus is approached. It is known that the sliding component is less than about 10% of the total annual motion in the middle part of the glacier, x --<l.8 to -Hl.8 km (Engelhardt and others, 1978; Echelmeyer, unpublished) , whereas it increases both in absolute and relative amount near the terminus as indicated by measurements of marginal sliding there (Meier and others, 197 4, p. 198 ) .
Up-stream from x • -<l.9 km the observed velocity shows a strong up-swing, which is not followed by the calculated u(x) curves in Figure II b. This reach is the lower part of a large ice fall that heads the glacier; it is evident in Figure 10 in terms of the high slopes and low ice thicknesses for x s -1.2 km. The high velocities there are due to rapid basal sliding, amounting to as much as 130m a· 1 , which was observed at the head of a tunnel driven to bedrock (Kamb and LaChapelle, 1968; Kamb, 1970, p. 706, example 4) .
The amount of internal deformation flow observed in the tunnel, 30m a·', is approximately what is calculated at x s -1 .2 km in Figure ! Ia and b, indicating that the theory based on Equation (I) accounts roughl y for the flow due to internal deformation even under the extreme conditions in the ice fall. The reduction in the amount of internal deformation flow in the ice fall stems from the fact that the somewhat increased T 8 there (increase of 15-25%) is more than offset by the effect of the greatly reduced ice thickness via the factor h in Equation {1 ).
For the longitudinal coupling theory to take into account the large flow contribution from basal sliding in the ice fall and near the terminus, a source term that represents this contribution needs to be added to the right-hand side of Equation {13). To do this by including a contribution to ii from Equation (3) would necessitate making the factor cll in Equation (3) be a function of x that expresses the change in sliding contribution from a large amount in the ice fall to a small or negligible amount below the ice fall, with little change in T 8 . A simple approximate way of doing this is to add to F(x) as given by Equation {14 ) the x -dependent quantity In{ I + u 13 ;u 0 ) where u 8 / u 0 represents the ratio of basal sliding to tnternal deformation flow. The same quantity then appears as an addition to the existing source term in the longitudinal averaging integral in Equations ( 15) and (35). Just as in the case of the localized extra sliding contribution to Variegated Glacier noted in section 7, the x-dependent va riation of u 8 / u 0 must occur for reasons beyond the scope of longitudinal coupling theory as formulated here, hence the theory provides no a priori way of prescribing it. An a posteriori, ad hoc, and therefore "not-to-be-recommended-for-general-use" way of doing it simply for illustrative purposes is to treat u 8 / u 0 as an x-dependent "fudge factor" and to adjust it to improve the match between calculated and observed u(x). Figure lid shows the result of doing this in the following simple way. For the utmost simplicity (doubtless an oversimplification), we take u 8 ju 0 to be a step function with constant value 5.5 in the ice fall , dropping abruptly to zero at x = -1.1. To represent similarly the sliding contribution near the terminus, we add a second-step function, for which u 8 / u 0 jumps from 0 to 4.5 at x = +1.2 and is constant from there to the terminus. The parameters I , 1+, and I_ are the same as for the curve in Figure lie . As expected, this ad hoc procedure for including a sliding contribution in the longitudinal averaging calculation makes a distinct improvement in the agreement in Figure lid between u(x) and uob •(x) in and adjacent to the reaches where sliding is known to be important.
The quasi-exponential tail of decreasing velocity u(x) from x = -1.1 km, where the assumed input contribution from sliding terminates, to about x = -<l.8 km is the direct effect of a large longitudinal stress gradient in the lower part of the ice fall, by which the high velocities in the ice fall extend their influence down-stream over a distance of Kamb and Echelmeyer: Stress-gradient coupling in glacier flow the order of the coupling length. We would expect I to be relatively short here because ii should be relatively small in the reach of large longitudinal compression near the base of the ice fall. (In the calculation for Figure lid the value I_ that controls the down-glacier influence of the ice fall is 0.35 km.)
The large increase in basal sliding toward the terminus makes it difficult to judge exactly how important the effects of decreasing I and the associated asymmetry in longitudinal averaging are in bringing forth the peak in flow velocity near x = 0.7 km, which is where the surface slope has a pronounced local maximum as discussed in sections 3 and 7. The velocity peak, in terms of effective slope values a, was obtained in section 7 by longitudinal averaging with 41 • 1.4 km, only slightly different from the average value 21_ + 21+ E 1.2 km used in calculating u (x) in Figure lie ; thus there is a general consistency between the two approaches. On the other hand, a gentler, more distributed decrease in I toward the terminus, as specified below,• one that seems reasonable in relation to u(x) there, generates a u(x) curve little different from the one for 41 = 1.8 km in Figure II b , with no peak at x -0.7 km. We could say that the observed velocity peak at x -0.7 km definitely requires the more rapid decrease in I around x -0.2 km, were it not for the fact that the large increase in sliding velocity toward the terminus might also somehow be involved in producing the peak.
EFFECT OF LONGITUDINAL COUPLING ON BASAL SHEAR STRESS
Because many previous discussions of the subject have concentrated on how the basal shear stress is modified from the "slope-stress" value (given in Equations (2) or ( 18)) by the effects of longitudinal stress gradients, as summarized by Raymond (1978 Raymond ( , p . 808, 1980 ) and Paterson {1981, p. 100), and also because in ice-sheet-flow modeling it is a common practice to formulate ice-flow velocity in terms of a direct relation to basal shear stress (e.g. Lingle, 1984, equation (6) ), we indicate here how the results of the longitudinal flow-coupling theory developed in the present paper are expressible in terms of the effect of longitudinal coupling on basal shear stress. This is obtained simply by combining the result of Equation (15) with Equation {I), or, in the case of basal sliding only, with Equation (3). The most attractive form of the combination is obtained if we choose for the datum state h 0 , a 0 the local h(x) and a(x) at a point x where the basal shear stress is to be calculated. From Equations (I) and (2), u 0 is then related to the local "slope stress" T L for simple shear {"laminar flow") by (37) In this case, the introduction of Equations {15) and (I) into Equation (9) Introducing T L(x ' ) = pga(x' )h(x' }, based on Equation (37), into the integrand in Equation (38), we can express the result as
• Averaging parameters as follows: x < 0.55 km, 41 = 1.8 km; 0.55 < x < 0.8 km, 21_ = 1.05 km, 21+ = 0.75 km; 0.8 < x < 1.1 km, 21_ = 0.9 km, 21+ = 0.6 km; 1.1 < x < 1.4 km, 2L = 0.9 km, 21+ = 0.3 km; 1.4 < x < 1.7 km, 21_ = 0.75 km, 2J+ = 0.15 km.
The first term on the right can be included within the integral, and the ll operation expanded to first order, giving The form of Equation (39), which is closely related to Equation (33), shows that the effect of longitudinal stress gradients on the basal shear stress can be obtained by an exponentially weighted longitudinal averaging of the local slope stress T L· the exponential scale length being the longitudinal coupling length I. The local thickness h(x') also enters the weighting factor in the averaging, but weakly, because of the exponent 1/ n. If basal sliding dominates, then the factors h 1 1 11 in Equation (39) are to be omitted. The effect of the T term on the relationship in Equation (39) is discussed in Part IV.
I I. CONCLUSIONS
Because the longitudinal coupling theory in sections 2 and 3 is developed on the basis of the linearization in Equation (9), which approximates longitudinal variations in the flow of an ice mass as small perturbations upon an overall average flow, the theory should work best under conditions where the longitudinal variations in ice thickness and surface slope are small. Part V wiU provide an idealized test of this situation, and shows that the theory tests out rather well. In actual glacier-flow situations for which longitudinal variations in ice thickness and slope are not small perturbations, one might not expect the theory to give more than a rough approximation to the observed flow. Nevertheless, the foregoing comparisons between observations and calculations show that in the parts of Blue Glacier and Variegated Glacier where the flow is dominated by internal deformation, the theory is able to account reasonably well for the longitudinal variations in flow (sections 8 and 9) or for their representation in terms of effective slopes (section 7). This is accomplished with a coupling length I that is for the most part longitudinally constant in each glacier. In Blue Glacier, we seem to have an example of a situation in which a decrease in I toward the terminus has a noticeable effect. In handling such a situation for a valley glacier, the longitudinal averaging becomes asymmetric, according to the theory developed in Part II.
The averaging lengths (41) that achieve the best match between calculated and observed velocities (or effective slopes) for Blue Glacier and Variegated Glacier lie in the range 1.2-2.5 km, corresponding to 1/ h ~ 1.5-2.5, h being the ice thickness. This falls within the range of theoretical 1/ h values for semi-circular channels in Figures 4 and 5 , for longitudinal strain-rates in the range 0.0 I-Q.05 a -1, which are typical for these glaciers. In Figure 5 , the predicted range of 1/ h values for semi-circular channels at strain-rates of O.OI-Q.05 a-1 is somewhat low, but three factors tend to increase 1/ h toward the value c. 2 that is actually observed: (1) the effective longitudinal strain-rate (du/ dx) to be used in Figure 5 is reduced from the maximum center-line values by a factor of about 0.2, because of averaging over the cross-section (factor 280 .,. (n + 1}/ {n + 3)) and longitudinally (factor 0.3, see section 5 and Part V); {2) the actual channel shapes are intermediate between semi-circular and very wide; (3) a significant fraction of the flow may be by basal sliding, which, as explained in section 5, raises 1/ h over the values calculated in Figure 5 .
A large flow contribution from basal sliding in the Blue Glacier ice fall and near the terminus makes itself evident as a large excess of the observed velocity over what is given by the longitudinal averaging calculation in these reaches. When the calculation is modified in an ad hoc way to include a sliding contribution, the results show how the high sliding velocities in the ice fall are felt in attenuated form below the ice fall to distances of order I through the action of a large longitudinal stress gradient there.
In Variegated Glacier before surge, a major excess of observed over calculated velocity in 1977-78 is found in the very reach of the glacier where the I 982 surge later started, implying that an abnormally large amount of basal sliding was occurring in this reach prior to the surge.
lf we now choose a. and a_ so that G is continuous at x = t and satisfies Equation (A-7), we find Go(xiO = ..!.._ e-lx-d/1.
(A-10)
When Equation (A-10) is put into Equation (A -4}, and { replaced by x', we get the solution quoted in Equation ( 15). The subscript o on G 0 in Equation (A-10) is a reminder that this is the Green's function for )1. = o • 0.
Although the application of homogeneous boundary conditions at infinitely remote boundaries (x 1 ~ --:"· x 2 ~ +"') seems somewhat arbitrary and unrealistic 10 relation to actual glacier-flow problems, it is the natural condition to apply in the perturbation treatment under consideration, since this is based on a datum state with constant u 0 , h 0 , and ~ extending indefinitely in x . However, it is readily posstble to give a solution on a finite interval xl' x 2 with boundary values v 1 and v 2 prescribed at x 1 and x 2 . This is done by the methods given by Courant and Hilbert ( 1931, p. 305) or Stakgold ( 1979, p. 197, equation (2.16) ). The Green's function in this case has four exponential terms, one of which, the lead term, has the form of Equation (A-10) with a multiplicative factor near I. As long as x is farther from x 1 and x 2 than a distance 21, aU of the other terms are reduced by a factor smaller than e-2 , regardless of the value of ~, so that the Green's function reduces to Equation (A-10) to a good approximation. To the solution in Equation (A-4) there are added eight exponential functions of x, whose coefficients depend on the boundary values v 1 and v 2 ; of these functions, the lead terms have the form and, as expected, die off exponentially from the boundaries with scale length I . Thus, as long as the "point of observation•, x, is farther from the boundaries than 21, the fimte-interval boundary-value solution reduces for practical purposes to Equation (A -4) with Equation (A-10). In the present treatment we content ourselves with this simple practical result, recognizing that near the terminus or head of a glacier, within a distance of -21, a more complicated boundary-value problem must in principle be dealt with, and that in these regions the perturbation treatment will probably apply poorly, because the longitudinal variations in flow are probably not small These same or similar considerations apply equally to the more complicated situation where I varies with x, as discussed below.
The effect of longitudinal vanauon in I on the Green's function can be evaluated to a first approximation by considering a linear vanatton, corresponding to a constant gradient )1. from Equation (A-3):
